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Abstract
In this work, we track the evolution of an ultrarelativistic fluid onto a Kerr black hole, on the
equatorial plane. In this treatment, we consider the limit where the rest mass density is neglected,
that is, the approximation is valid in the regime where the internal energy dominates over the rest
mass density. We particularly concentrate in the case of a gas with Γ = 4/3, which corresponds
to a radiation fluid. We show, as in several cases, that a shock cone appears when the asymptotic
velocity of the fluid is larger than the asymptotic relativistic sound speed of the gas. On the other
hand, in order to show the system approaches to steady state, we calculate the accreted total
energy rate on a spherical surface. Finally, we also show the gas distribution and various of its
properties.
PACS numbers: 04.70.Bw, 98.62.Mw,95.30.Lz,04.25.D-
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I. INTRODUCTION
Bondi-Hoyle accretion is the evolution of a homogeneously distributed gas moving uni-
formly toward a central compact object [1]. A summary of studies in Newtonian gravity
can be found in [2]. The relativistic Bondy-Hoyle accretion was first analyzed in [3], where
axially symmetric numerical simulations were carried out in order to study the different
matter patterns developed by the gas during the accretion process onto a black hole. Later,
the authors in [4–6] studied the relativistic Bondi-Hoyle accretion onto Schwarzschild and
Kerr black holes, in one case considering axisymmetric fluxes and in a second case, general
non-axisymmetric fluxes in the equatorial plane using s-lab symmetry, that is, whatever
happens on the equatorial plane is assumed to happen along the directions perpendicular
to it. The authors confirm the formation of a shock cone when the fluid is supersonic and
study the dependence of the morphology on the parameters of the wind and the black hole.
In astrophysical contexts, in [7] it was shown that the shock cone vibrations can be associ-
ated with sources of high energy Quasi Periodical Oscillating signals (QPOs), and found a
flip-flop type of unstable oscillation of the shock cone. However later, it was shown in [8]
that the flip-flop oscillation of the shock cone depends on the coordinates used to describe
the rotating black hole, specifically it was found that the flip-flop oscillation does not appear
when penetrating coordinates are used. On the other hand, considering axially symmetric
fluxes, the shock cone oscillation, as a potential source of QPOs were studied in [9]. More
realistic scenarios incorporate astrophysically relevant ingredients like magnetic fields [10]
and radiative terms [11] to the Bondi-Hoyle accretion.
The ultrarelativistic Bondi-Hoyle accretion on a rotating black hole was recently reported
in [12], considering axisymmetric fluxes. In this work we present a numerical study of
ultrarelativistic Bondi-Hoyle accretion on a rotating black hole in the equatorial plane with
s-lab symmetry. In our study we describe the rotating black hole space-time using Kerr-
Schild coordinates. Specifically, we only focus in supersonic fluxes.
II. ULTRARELATIVISTIC HYDRODYNAMICS EQUATIONS
We use a perfect fluid to model the ultrarelativistic gas, with stress-energy tensor T µν =
(ρ + p)uµuν + pgµν, where uµ are the components of the 4-velocity of a fluid element, p
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its pressure and gµν are the components of the metric of the space-time background. The
ultrarelativistic Euler equations can be derived from the local conservation of the stress-
energy tensor ∇µT µν = 0, where ∇µ is the covariant derivative consistent with the 4-metric
gµν . The conservation of mass is satisfied identically in the ultrarelativistic case.
An ultrarelativistic fluid has internal energy sufficiently large that the rest mass density is
negligible, that is ǫρ0 ≫ ρ0, where ǫ is the specific internal energy. This condition implies
that approximately the energy density is ρ = ρ0 + ǫρ0 ∼ ǫρ0 [13]. We use an ideal gas
equation of state p = (Γ− 1)ρ0ǫ which reduces to p = (Γ− 1)ρ for the ultrarelativistic case,
where Γ is the ratio between specific heats, that corresponds for example, to radiation when
Γ = 4/3.
We use the standard 3+1 decomposition to describe the space-time background
ds2 = −α2dt2 + γij(dxi + βidt)(dxj + βjdt), (1)
where βi is the shift vector, α the lapse function and γij are the components of the spatial
3-metric. Using this decomposition of space-time, the ultrarelativistic Euler equations, on
the equatorial plane (θ = π/2), can be written in flux balance law form [14] as
∂tu+ ∂r
(
αFr
)
+ ∂φ
(
αFφ
)
= αS− ∂r
√
γ√
γ
(
αFr
)
, (2)
where γ = det(γij) is the determinant of the spatial 3-metric, u is the vector whose en-
tries are the conservative variables, which are in terms of the original primitive variables
W = (vi, p, ǫ). The vectors Fr and Fφ are the fluxes along the r and φ spatial directions
respectively and S is a source vector field. Specifically, the fields in (2) are
u = [Sr, Sφ, τ)] =
[
(ρ+ p)W 2vr, (ρ+ p)W
2vφ, (ρ+ p)W
2 − p] ,
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[(
vr − β
r
α
)
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)
Sφ,
(
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r
α
)
τ + pvr
]
, (3)
Fφ =
[
vφSr, v
φSφ + p, v
φ
(
τ + p
)]
,
S =
[
T µνgνσΓ
σ
µr, 0, T
rt∂rα− T µνΓtµνα
]
,
where vi are the components of the 3-velocity of the gas measured by an Eulerian observer,
which are related to the spatial components of the 4-velocity of the fluid elements by vi =
ui/W +βi/α, W = 1/
√
1− γijvivj is the Lorentz factor and Γσαβ are the Christoffel symbols
of the space-time metric.
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III. NUMERICAL METHODS
Domain and boundary conditions. We study numerically the ultrarelativistic gas on the
equatorial plane, in the domain [rexc, rmax] × [0, 2π). We choose the interior boundary rexc
to be inside the black hole horizon, were we apply excision [17]. The exterior boundary
rmax, is splitted in to two halves, one in which the gas enters the domain where we apply
inflow boundary conditions, and a second half where the gas leaves the domain and we apply
outflow boundary conditions there.
Evolution. We use a high resolution shock capturing method, using the HLLE approx-
imate Riemann solver formula [15], and the minmod variable reconstructor. We evolve in
time with a second order Runge Kutta integrator [16]. The numerical grid is uniformly
spaced with resolutions dr, dφ. We use a constant time step given by dt = Cmin(dr, dφ),
where C = 0.25 is a constant in time and space Courant factor estimated empirically to
maintain stability.
Initial Data. We center the black hole at the origin of the coordinates origin. We consider
a homogeneous ultrarelativistic gas, that uniformly fills the whole domain, moving on the
equatorial plane along the x direction with a constant density initially. In the ultrarelativistic
case, the speed of sound depends only on Γ, cs =
√
Γ− 1. Then we choose the initial pressure
p0 to be a constant. The initial velocity field v
i can be expressed in terms of the asymptotic
velocity v
∞
, as done for relativistic winds [6], where the relation v2 = viv
i = v2
∞
is satisfied.
We set the black hole mass M = 1, and the adiabatic index Γ = 4/3. We choose the gas
velocity initially v
∞
= 0.9 and explore four values of the black hole’s angular momentum
a = 0, 0.5, 0.7, 0.9.
Recovery of the primitive variables. We recover the primitive variables (vi, p) exactly dur-
ing the evolution. The pressure and components of the velocity in terms of the conservative
variables are respectively p = −2στ +
√
4σ2τ 2 + (Γ− 1)(τ 2 − S2), vi = Si
τ+p
, where σ = 2−Γ
4
[13]. From this we can reconstruct the energy density ρ and the Lorentz factor W . We also
use an atmosphere to avoid the divergence of the internal enthalpy.
Standard numerical tests of our implementation for the general case of relativistic hydro-
dynamics can be found in [9].
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IV. RESULTS
Morphology. The ultrarelativistic gas that is moving with supersonic velocity is charac-
terized by the formation of the shock cone in the rear part of the black hole, which is a
low pressure region and a bow shock at the front side of the hole, which is a high pressure
zone expanding spherically in opposite direction to the gas flow. In Fig. 1 we show the
morphology of the pressure for a gas with a supersonic velocity v
∞
= 0.9, feeding a rotating
black hole with angular momentum a = 0.9. We can see that the shock cone is formed (the
dark zone in the left panel). At the same time, a bow shock appears expanding, shown in
light color in the plot. On the other hand, in the right panel we show a slice of the pressure
along the x axis at a given time, in which we can appreciate the high pressure in the bow
shock and a low pressure in shock cone. We found a similar behavior of the pressure for
different values of the black hole angular momentum. In Fig. 2 we show an example of how
the rotation of the black hole deforms the shock cone near the event horizon. If the effects
of the rotation of a black hole accreting ultrarelativistic (and relativistic [8]) gas are to be
measured, they have to be associated to the regions pretty close to the black hole.
Diagnostics. We compute the accreted energy rate on spherical a surface. In the equato-
rial plane the accreted total energy rate E˙ is
E˙ =
∫ 2pi
0
α
√
γ
[
τ(vr − βr) + pvr
]
dφ+
∫ 2pi
0
∫ rdet
rexc
α
√
γSτdrdφ, (4)
where Sτ is the source term corresponding to the evolution equation of the conservative
variable τ and rdet is the position of the detector where we measure the total energy rate.
We placed various detectors at different radii. In Fig. 3 we show the total energy accretion
rate in proper time for different values of a rotating black hole, measured at r = 2. The
accretion rate initially grows and approaches to stationary state. We found that the bigger
the angular momentum of the black hole the higher the accretion rate.
V. CONCLUSIONS
We have shown that the rotation of the black hole induces a deformation of the shock
cone at short distances from the event horizon and not far from the black hole, where we
expect the streaming properties of the gas dominate over the gravitation field. A bow shock
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FIG. 1: On the top panel, we show the morphology of the pressure profile of the gas for the case
of v∞ = 0.9 and a = 0.9. We appreciate the shock cone in the dark region (red in color) and the
bow shock in light color. On the bottom panel, we show a one dimensional slice of the pressure
profile along the x axis. This shows a high pressure zone in the bow shock region compared to the
low pressure in shock cone.
is formed independently of the angular momentum of the black hole. We also conclude that
when a increases, the total energy accretion rate is higher.
6
-2  0  2  4  6  8
x
-4
-3
-2
-1
 0
 1
 2
 3
 4
y
-1  0  1  2  3  4  5  6  7  8
x
-4
-3
-2
-1
 0
 1
 2
 3
 4
y
FIG. 2: We show the isocontours of the pressure. We can appreciate the shock cone deformation
by the effects of the rotation of the back hole. We show the morphology of the fluid when the
angular momentum of the black hole takes the values a = 0 (left) and a = 0.9 (right) respectively.
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FIG. 3: Total energy accretion rate for different values of the rotation parameter of the black
hole. Here we present the energy accretion rate measured in a detector located at r = 2M , we can
see that the accretion rate approaches to stationary regime and that it is bigger for bigger values
of the the rotation parameter of the hole.
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